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Section I

10 marks
Attempt Questions 1 — 10

Circle the BEST solution below for Questions 1 — 10.

PLEASE DO NOT DISTRIBUTE

1 For the statement “if roses are red then violets are blue”, which of the following
represents the statement’s contrapositive?

bl

(A)  “Ifviolets are not blue then roses are red.”
(B) “If roses are red then violets are not blue.”
© “If violets are not blue then roses are not red.”
(D) “If roses are not red then violets are not blue.’

2 Which of the following is the unit vector of 2§ — j — 2k ?

(A 3(2i - j - 2k)

(B) %(; J
© 3

1
®



NEXT Education © PLEASE DO NOT DISTRIBUTE

3 If w=+V3+i , which of the following is equivalent to w® in exponential form?
A e
Ly
(B) 8e ©
ELE
© 128e¢ *
o,
(D)  256e °
4 Which of the following is the equation of the vector passing through the point (4,—1) and

2
perpendicular to the vector (3} where A is a constant?
-1 2
) ) J

® [*)es ‘3J

© [*)ss ‘2J

-1 3
-4 2
D) J ; /1( ]
1 3
5 If p,ge R" and p > g, which one of the following statements might be false?
1
(A) >0
pP—-q



NEXT Education © PLEASE DO NOT DISTRIBUTE

6 What is the equivalent to

[
X -a
(A) “da\x* - a* +c

(B)  cos™ (iJ +c

© sin”! (ﬁ) +c

2 2
D) WY
a
7 Consider the region |z - 2| < 1 on the Argand diagram. What is the maximum value of |z| ?
@A 1
B) 3
< 2
D) 3
8 A particle moves with simple harmonic motion along a straight line, where its velocity v

m/s is given by the formula: v> = 6 + 4x — 2x”, where x is the particle’s displacement
from a fixed point O (in metres).

What is the particle’s amplitude of motion?

(A)  6m
(B) 2m
© 3m
D) 12m
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10

w 1s a complex cube root of unity and w # 1.

What is the value of (1—w)(1-w?)(1-w')(1-w*)?

A T1-w
B) 1 +w?
< 8

D) 9

An object of m kg 1s projected into the air with initial velocity of # m/s at an angle of 8
against the horizontal. The object experiences gravity of g m/s’> and air resistance
proportional to its velocity (i.e. R = mkv, where k is a constant).

Which of the following represents the equation of the object’s vertical displacement after ¢
seconds?

(A) y:MCZSQ(l_e—kt)‘

1
(B) y=;10g6|kucost + 1|.

+ kusin —kt t
© =S (1) 5

(D) y=%loge cos(\/g_kt) + kbj/Si_ne sin(\/gt).

gk
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Section 11

90 marks
Attempt Questions 11-33

In Questions 11-33, your responses should include relevant mathematical reasoning and/or calculations.

Question 11

Evaluate |2 - 3i| . 1
Question 12
-4 5
Consider the vectors ¢ = | 3 |and b= | 6
-2
(a) Find |g|. 1
(b) Find the size of the acute angle betweena and b (nearest degree). 1
(c) Find the vector projection of ¢ in the direction of b . 1
Question 13

If w=23-2i, express each of the following in the form a + 1b, where a and b are real.

(a) w L 1
b))  dw+ w. 2
Question 14

Find .[; dx.
V1= x—x?
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Question 15

Find the value of the real numbers a and b such that (a + bi)> = 9 + 40i. 2
Question 16
Use integration by parts to evaluate .[x“ log, x dx. 3

1

Question 17

Prove by contradiction that log, 41is irrational. 2

Question 18

(@) If a,be R,show that: a*+ b>>2ab. 1
(b) If a,b,ce R, show that: a>+ b>+c*>ab + ac + be. 2
(c)  Hence, or otherwise, show that: 3(a* + b* + ¢*) > (a2 +b*+c? )2 ) 2
Question 19

On an Argand diagram, shade the region where: 3

1 < Re(z) <3 and _g < Arg(z) s%.

Question 20

Prove that Vae (0,00),Vbe (0,),log, %=logab. 2

a
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Question 21
) ) 3x* —ax p xX+q
(a) Find the value of p and ¢ in terms of a: I > 2
(x—2a)(x +a ) x—2a Xx +a
. t 3x% —ax
(b) Hence, or otherwise, evaluate J- — dx . 2
0 (x—2a)(x +a )
Question 22
2 -3 3 1
If a point of intersection exists between r, = | 5 [+A| -1 |and r, = | 12 [+ u| 2 |,
-7 6 -5 -1
(a) Find the value of A and . 2
(b) Hence, or otherwise, find the point of intersection. 1
Question 23

A particle is moving along a straight line where its displacement x metres from O after ¢ seconds
is given by the formula:

x =5 +sin’t.
(a) Show that the particle moves with simple harmonic motion. 2
(b) Find the period of motion. 1
(©) Find the total distance travelled by the particle in the first T seconds. 2
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Question 24

Consider the sphere S: (x — 1)? + (y — 2)> + (z + 1)* = 9 with centre C(1,2,~1).

(a) Show that the point A(3,3,1) lies on the sphere S. 1
(b)  If Aisrepresented by the position vector a show that the vector r =g + Ad , 2
4
where A is a constant, is a tangent to the sphere Sif d = | 0
-4
Question 25
(a) Show that: 2cosAsinB = sin(A + B) — sin(A — B). 1

=COSX. 2

) (ij ) (xj
Sin ? —Sin E
(b) Show that:

2sin (xj
2

(c) Hence, or otherwise, prove by mathematical induction for ne Z*: 4

. (2n+1
sin X
( 2 J 1

COSX+Cos2x+cos3x+...+cosnmx=————2% ——.

2sin (x) 2
2

Question 26
Let z=¢".
| ..
(a)  Showthat z"—— =2isin(nf). 1
b4
5
(b)  Show that (z—l) :(ZS—%J—S(f—%JHO(z—lj. 1
z z z z
(¢)  Hence, find J.sinS 0do . 3
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Question 27
(a) Using De Moivre’s theorem, show that:  cos36 = 4cos’0 —3cosf . 1
(b)  Hence, or otherwise, find all the roots of 8x* —6x—1=0 leaving your solutions 2

in the form x = cosé .

©) Hence, show that cos g = cos 2; + cos 4; 2

Question 28

An object of mass m kg is projected vertically upwards from the ground through gravity of

g m/s?. It experiences air resistance of ﬁmgv2 , where v m/s is the velocity of the object.

The object’s initial velocity is # m/s and its displacement after # seconds is x metres.

(a) Show that the upward motion of the objectis a = - % (100 + vz) . 1

o . .50 100 + u*
(b) Show that the object’s greatest height above the groundis —log | ———— | m
8

100

Once the object reaches its maximum height, it falls back towards the ground. Let x now be the
downward displacement from where the object reaches maximum height.

(c) Show that the downward motion of the objectis a = ﬁ (100 —v? ) . 1
(d) Find the terminal velocity V of the object for the downward motion. 1
(e) Show that the velocity when the object reaches the ground is _ M0 m/s. 2

N100 +u’

) If the object’s initial was V m/s, show that its velocity when it returns to the ground 1

Is LV m/s.

NG

—-10-=
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Question 29

Let I, = |sin" x dx for integers n = 2.

O 0 | 8

(a)  Show that I, =

I, , forintegersn>2. 3
n

5

2
(b)  Hence, find the value of I(4 e )E dy . 3
0

Question 30

In the diagram below, the point P represents a complex number w = rcis § , while the point Q is

the point on the ray arg(z) = a such that ZPQO = g . The point P', which represents the

complex number v, is a reflection of P about the rayarg(z) = a.

YA
Py
P P(w)
r-
0
X
You may assume that AOPQ = AOP'Q.
(a)  Write down the values of |v| and arg(v). 2
(b) Hence, show that v = wcis 2a 1

(c)  Thecircle |z - (2 + 2i)| = 1 is reflected in the ray arg(z) = g By using the result 2

(b), or otherwise, show that the equation of this new circle is

o= [(1+33) +i(+53-1)] =1

—11 =
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Question 31
) o 1 . F 1
Using the substitution # = — , or otherwise, evaluate | —————— dx. 3
X '1[ X +2x-1
Question 32
In the diagram below, k — 1 rectangles are constructed from x =2 to x =k + 1, where k > 2, 4

between the graphs of y =Inxand y=In(x-1).

y
A
/y:lnx
p——
]
— -{y=ln(x—1)
< > X
0 1 /2 3 4 ko k+1

Show that:  k* < klet-! <%(k+1)k” where k> 2.

—-12 -
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Question 33

Consider two numbers a1 and a2, where a,,a,€ R".

a +a,

(a) Prove that: TR 2 Jaa, . 1

Let g, a,,..,a, € R".

If aa,..a, =1then a +a, +...+a, = n. (Do NOT prove this.)

+a, + ...+
(b)  Provethat: 4% G > aa,...a, . 2
n
(c) Hence, or otherwise, prove that for integers ne [l,oo) 2" =1 > 2! 3
End of paper.
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